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RIGIDITY OF FLAT SURFACES UNDER THE BOUNDARY
MEASURE
KLAUS DANKWART
Abstract. Consider a closed marked flat surface S of genus g ≥ 2 and area 1
and its universal covering S˜. We show that the measure class of the Hausdorff
measure of the Gromov boundary of S˜ uniquely determines S.
1. Introduction
For a fixed closed topological surface X of genus g ≥ 2 a marked surface (S, f)
is an isotopy class of homeomorphisms f : X → S. If S is endowed with a length
metric the marked length spectrum of (S, f) is then the length f(α) for all free
homotopy class of closed curves α on X . Suppose (S, f) and (T, g) are marked
Riemannian surfaces of variable negative curvature. [Ota90] and [Cro90] indepen-
dently showed that f ◦ g−1 is isotopic to an isometry if and only if the marked
length spectra of (S, f) and (T, g) are equal.
By the work of [Ham92] f ◦ g−1 is isotopic to an isometry if and only if the push
forward of the Bowen Margulis measure on T 1S is in the measure class of the
Bowen Margulis measure on T 1T . Denote by G(S) := ∂S˜ × ∂S˜ − △ the set of
ordered pairs of distinct boundary points of the ideal boundary of the universal
covering π : S˜ → S. A locally finite Borel measure on T 1S that is invariant under
the geodesic flow is naturally one to one with a current i.e. a locally finite Borel
measure on G(S) that is invariant under the group of Deck-transformations. So,
the statement can be naturally phrased in terms of geodesic currents.
In this note we investigate in which way these results translate to marked flat sur-
faces i.e marked surfaces which are endowed with a locally Cat(0), singular flat
metric which comes from a half-translation structure, see Section 2.3 for details.
Flat surfaces are central in the study of the Teichmu¨ller space of conformal struc-
tures, see i.e. [Abi80, HM79]. Define the equivalence relation on the set of all
marked flat surfaces (S, f) ∼ (T, g) if g ◦ f−1 is isotopic to an isometry. The Teich-
mu¨ller space of flat surfaces T (X) is then the set of equivalence classes of marked
flat surfaces. T (X) was already studied, see i.e [SW08, Vee97].
In a more general setting [Tro07, Tro06, Tro86] studied the deformation space of
singular cone metrics.
[DLR10, Theorem 2] showed the analogon to Otals and Crokes theorem that the
marked length spectrum uniquely determines a point in Teichmu¨ller space.
We are interested in which way Hamensta¨dts result translates to the Teichmu¨ller space
of flat surfaces. Since the flat metric is not smooth we consider measures on the
ideal boundary of the universal covering π : X˜ → X .
A point (S, f) ∈ T (X) lifts to an isotopy class of homeomorphisms of the universal
AMS subject classification: 37E35, 57M50, 30F30, 30F60.
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coverings f : X˜ → S˜ that are invariant under the group of Deck transforma-
tions. As S˜ endowed with the lifted flat metric is a geodesic Gromov δ-hyperbolic
space, there exists a family of Gromov metrics dp,∞, p ∈ S˜ on the ideal boundary
∂S˜ ∼ S1 and so a family of positive finite Hausdorff measures or Patterson-Sullivan
measures µS˜,p in same measure class µS˜ . Observe that for any two marked flat
surfaces (S, f), (T, g) each representative in the isotopy class g ◦ f−1 : S˜ → T˜ is a
quasi-isometry which extends to a homeomorphism between the visual boundaries
g ◦ f−1 : ∂S˜ → ∂T˜
Theorem 1.1. Two points (S, f), (T, g) ∈ T (X) determine, up to rescaling, the
same point in the Teichmu¨ller space of flat surfaces if and only if the push-forward
of the measure class (g ◦ f−1)∗µS˜ equals µT˜ .
The idea is the following. Recall that the marked length spectrum uniquely de-
termines a point in the Teichmu¨ller space of flat surfaces. Suppose that (S, f), (T, g)
are marked flat surfaces of volume entropy one that the push-forward of the mea-
sure class (g ◦ f−1)∗µS˜ equals µT˜ . Assume that there is a free homotopy class α in
S whose length is smaller than of its image under the marking change.
Fix a representative h in the isotopy class g ◦ f−1 that is invariant under the group
of Deck transformations and fix a base point p ∈ S˜ in the universal covering of S.
Following [Dan11a], one can remove a zero set of boundary points A˜ ⊂ ∂S˜ so that
the set of all rays emanating from p which converges to ∂S˜ − A˜ is of the following
structure.
• It is a tree whose vertices is the set of singularities and the base point p.
At each vertex there are countably many edges attached.
• Let c be a, possibly self intersecting, geodesic segment on the base sur-
face S that connects singularities. Then each ray in the described tree on
the universal covering contains infinitely often a lift of c as a subgeodesic
segment.
It is well-known that for each multiple αn of α there is a geodesic representative of
the form as c.
We make use of the following statement. Suppose that there is a parametrized
geodesic ray r on S˜ starting at p with the following properties.
1) r is contained in the above tree.
2) The length difference for each subgeodesic segment of r under h is bounded,
namely |d(r(s), r(t)) − d(h(r(s)), h(r(t)))| < C, ∀s, t > 0 .
Then the length of the free homotopy class α on (S, f) is not shorter than on (T, g).
The proof is as follows. Denote by αn the free homotopy class of a multiple of α.
Let c be a subgeodesic segment of r that is a lift of a geodesic representative of
αn. Observe that the length of c is the length of αn. The minimal length in the
homotopy class with fixed endpoints of the image of c under the marking change
h gives a lower bound of the length of the image of the free homotopy αn under
the marking change. So the length of αn in S is bounded from below by the length
of the image of αn under the marking change minus the constant C of the second
condition. But since the length of a multiple αn is n times the length of α this
leads to the statement.
So, to show the Theorem we have to find a geodesic ray with the properties described
above. One shows that the following condition is equivalent to the second condition:
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Condition 2*: The ray r satisfies |d(p, r(t))− d(h(p), h(r(t)))| < C for all t larger
than some some threshold t0.
The set of boundary points A˜ is of measure zero. So it suffices to show that the set
of boundary points to which converge a ray that satisfies Condition 2* are of full
measure.
This can be done by using shadows of balls of fixed radius with respect to the base
point p. Observe first that similarly to [Dan11a] one can show that
• The µS˜-measure of a shadow of a ball with center x equals, up to a multi-
plicative constant, exp(−d(p, x)).
• The µT˜ -measure of the image of the shadow under h equals exp(−d(h(p), h(x))
up to a multiplicative constant.
In both cases one makes use of the fact that the volume entropy of S and T is one.
For a ray r consider the shadows of open balls of fixed radius which are centered
on the ray at some point r(t). So, if for some t0 > 0 and for all t > t0 the quotient
of the measure of the shadow centered at r(t) for µS˜ and h
−1
∗ µT˜ is bounded by a
constant C1(r) > 0 then the rays satisfies condition 2*.
But, by the Lebesgue Differentiation Theorem this condition is satisfied for all rays
that converge to boundary points outside a zero set as the set of shadows forms a
Vitali covering, compare Definition 2.1.
The paper is organized as follows. In Section 2 we recall some abstract facts in
metric measure theory. Then we state the main results about δ-hyperbolic spaces
and flat surfaces needed later on. In Section 3 we show a technical result which,
together with the previous material, shows the main theorem.
Acknowledgement This question was raised by Mrs. Hamensta¨dt. I am very
grateful for her patience, her support and many helpful discussions.
2. Preliminaries about Gromov hyperbolic spaces and flat surfaces
2.1. Some metric measure theory. We recall some standard facts about metric
measure theory and refer to [Fed69].
Suppose (X, d) is a proper metric space. For a subset U , the diameter diam(U)
is then the supremum of distance of points in U . We recall the definition of the
Hausdorff measure and Hausdorff dimension.
Let a ≥ 0 be some number. For any subset U of X , µaǫ (U) is then the infimum
of
∑
i∈N
diam(Ui)
a for all countable coverings Ui, i ∈ N of U , so that diam(Ui) ≤ ǫ.
The Hausdorff measure of dimension a ≥ 0 is then µa := lim
ǫ→0
µaǫ which might be
constant zero or locally infinite.
The Hausdorff dimension of (X, d) is then the infimum of all a so that µa(X) = 0.
If the Hausdorff dimension is finite, the Hausdorff measure µ is then the Hausdorff
measure whose dimension is the Hausdorff dimension.
Next we recall the notion of doubling measures and Vitali coverings. Vitali coverings
can also be defined more generally. That special definition is consistent to the
general one, compare [Fed69, Theorem 2.8.17] where the function δ is here defined
as the diameter.
Denote by B(x, r) a metric ball of radius r and and center x. A locally finite Borel
measure ν on (X, d) is doubling if there is a constant C > 0 so that
ν(B(x, 2r)) ≤ Cν(B(x, r)) ∀x, r.
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Definition 2.1. A collection V of closed subsets of metric space (X, d) with a
doubling measure ν is a Vitali covering if:
• There is a constant CV > 0 so that each U ∈ V is contained in a metric
ball B with ν(U) ≥ CVν(B)
• For each x ∈ X there is a sequence of neighborhoods Ui ∈ V , i ∈ N of x so
that diam(Ui) tends to zero.
Suppose f : X → R is a measurable function. A point x ∈ X is a Lebesgue point
with respect to V and f if and only if for each sequence of neighborhoods Ui ∈ V
of x with lim
i→∞
diam(Ui) = 0 it follows that
lim
i→∞
1
ν(Ui)
∫
Ui
fdν = f(x).
The main application for Vitali sets is the Lebesgue differentiation Theorem, com-
pare [Fed69, Theorem 2.9.8]
Theorem 2.1. The set of Lebesgue points in X is of full measure.
2.2. Gromov hyperbolic spaces and their boundary. We recall the standard
facts about proper δ-hyperbolic spaces, compare [BH99, Chapter III].
Convention: Any metric space is assumed to be complete, proper and geodesic.
Every geodesic segment can be extended to a geodesic line.
A metric space S˜ is δ-hyperbolic if every geodesic triangle in S˜ with sides a, b, c is
δ-slim: The side a is contained in the δ-neighborhood of b ∪ c.
A L-quasi-isometry is a mapping g : S˜ → T˜ so that the distance of each point in S˜
to g(T˜ ) is uniformly bounded and so that
(1 + L)dT˜ (x, y) + L ≥ dS˜(g(x), g(y)) ≥ (1 + L)
−1dT˜ (x, y)− L, ∀x, y.
A L-quasi-geodesic is a mapping g of a line segment I to S˜ so that
(1 + L)|s− t|+ L ≥ d(g(s), g(t)) ≥ (1 + L)−1|s− t| − L, ∀s, t.
S˜ admits a boundary which is defined as follows. Fix a point p ∈ S˜ and for two
points x, y ∈ S˜ we define the Gromov product (x, y)p :=
1
2 (d(x, p)+d(y, p)−d(x, y)).
We call a sequence xi admissible if (xi, xj)p → ∞. We define two admissible
sequences xi, yi ⊂ S˜ to be equivalent if (xi, yi)p → ∞. Since S˜ is hyperbolic, this
defines an equivalence relation. The boundary ∂S˜ of S˜ is then the set of equivalence
classes.
The Gromov product on the boundary is then
(η, ζ)p = sup{lim inf
i,j
(xi, yj)p | {xi} ∈ η, {yj} ∈ ζ}
Proposition 2.1. Let S˜ be a δ-hyperbolic space and let δinf be the infimum of all
Gromov hyperbolic constants. Moreover, let ξ be defined by 2δinf · log(ξ) = log(2).
There is a constant ǫ < 1 so that for any p ∈ S˜ there is a metric dp,∞ on ∂S˜ which
satisfies:
ξ−(η,ζ)p ≥ dp,∞(η, ζ) ≥ (1− ǫ)ξ
−(η,ζ)p
dp,∞ is a Gromov metric and (∂S˜, dp,∞) the Gromov boundary. A quasi-isometry
between Gromov δ-hyperbolic spaces extends to a homeomorphism between the
Gromov boundaries. Any bi-infinite L-quasi-geodesic converges to two distinct
boundary points, and between any two distinct boundary points there is a connect-
ing bi-infinite geodesic.
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Lemma 2.1. There is a function H(L, δ) > 0 such that for any δ-hyperbolic space
S˜ and for any two L-quasi-geodesics c, c′ in S˜ with the same endpoints in S˜ ∪ ∂S˜
the H(L, δ)-neighborhood of c contains c′.
Proof. This follows from [BH99, III 1.7] and [CP93, I Proposition 3.2] 
Notation: If S˜ is a δ-hyperbolic Cat(0) space denote by [x, y]S˜ , x, y ∈ S˜ ∪ ∂S˜,
a parametrized geodesic segment connecting x with y. If the space S˜ is clear from
the context we abbreviate [x, y] := [x, y]S˜ . For x ∈ S˜, y ∈ S˜ ∪ ∂S˜, [x, y] is unique
up to reparametrization.
For a base point p ∈ S˜ and U ⊂ S˜ the boundary shadow shp,S˜(U) ⊂ ∂S˜ is the
set of all points η ∈ ∂S˜ such that at least one geodesic ray [p, η] connecting p
and η intersects U . Again if the corresponding space is clear from the context we
abbreviate shp(U) := shp,S˜(U). shp(U) is Borel in ∂S˜ if and only if U is Borel.
In a δ-hyperbolic space S˜ we need to estimate the size of shadows of balls. Recall
that by construction of the Gromov metric dp,∞(η, ζ) is comparable to ξ
−(η,ζ)p .
Proposition 2.2. For each r > 0 there is a constant Csh(r) > 0 so that the
following holds. For a pair of distinct points p, x ∈ S˜ extend the geodesic segment
[p, x] to a geodesic ray with endpoint η. Then the shadow shp(B(x, r)) is contained
in the boundary ball of dp,∞-radius Csh(r)ξ
−d(p,x) centered at η.
Proof. Define first Csh(r) := ξ
r. For a point ζ ∈ shp(B(x, r)) fix the parametrized
geodesic ray [p, ζ] that connects p with ζ. Observe first that the Gromov product
is increasing along geodesic rays i.e. for s1 ≤ s2, t1 ≤ t2 it follows
([p, η](s1), [p, ζ](t1))p ≤ ([p, η](s2), [p, ζ](t2))p.
As [p, ζ] intersects B(x, r) at some point y,
(η, ζ)p ≥ (x, y)p ≥ 1/2(d(p, x) + (d(p, x)− r) − r) = d(p, x)− r.
So
dp,∞(η, ζ) ≤ ξ
−(η,ζ)p ≤ Csh(r)ξ
−d(p,x)

Lemma 2.2. Let f : S˜ → T˜ be an L-quasi-isometry between δ-hyperbolic spaces.
For H(δ, L) as in Lemma 2.1 and for r > (H(δ, L) + L)(1 + L) define
rs := r/(1 + L)−H(δ, L)− L > 0
rb := (1 + L)r + L+H(δ, L)
Then one concludes that
shT˜ ,f(p)(B(f(x), rs)) ⊂ f(shS˜,p(B(x, r))) ⊂ shT˜ ,f(p)(B(f(x), rb))
for all points p, x ∈ S˜.
Proof. We only show shT˜ ,f(p)(B(f(x), rs)) ⊂ f(shS˜,p(B(x, r))) the other inequality
is analogous.
Since f maps ∂S˜ on ∂T˜ homeomorphically each point in shT˜ ,f(p)(B(f(x), rs)) can
be represented as f(ζ). We have to show that d([p, ζ]S˜ , x) < r. Since f([p, ζ]S˜) is
a L-quasi-geodesic, [f(p), f(ζ)]T˜ is contained in H(δ, L)-neighborhood of f([p, ζ]S˜).
Therefore f([p, ζ]S˜) intersects a ball with center f(x) and T˜ -radius rs +H(L, δ) in
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a point f(y). As (1 + L)−1d(x, y) − L < d(f(x), f(y)) < rs +H(δ, L) we conclude
that d(x, y) ≤ (1 + L)(rs +H(δ, L) + L) = r. 
For Γ a group of isometries acting properly discontinuously, freely and cocom-
pactly on S˜, the Hausdorff measure µp of the Gromov metric dp,∞ on ∂S˜ can be
computed by using the theory Patterson-Sullivan measures, see [Sul79, Section 1-
3], [Coo93, Section 4-8]: Fix a Γ-invariant non-zero Radon-measure ℓ on S˜ . The
volume entropy is defined as
e(S˜,Γ) := lim sup
R→∞
log (ℓ (B(p,R)))
R
.
Convention: By entropy we mean volume entropy. Here S˜ is the isometric univer-
sal covering of S = S˜/Γ, so we abbreviate e(S) := e(S˜,Γ). We always assume that
the group Γ acts properly discontinuously, freely and cocompactly by isometries on
S˜.
Theorem 2.2. Let S˜ be a δ-hyperbolic Cat(0)-space and let p ∈ S˜ be a base point.
Denote by µp the Hausdorff measure of the Gromov boundary with respect dp,∞
i) µp is a finite measure supported on ∂S˜.
ii) For the constant ξ as in Proposition 2.1 the Hausdorff dimension d equals
e(S)/ log(ξ)
iii) Denote by d again the Hausdorff dimension. Then there is a constant C >
0, so that the measure µp of a each boundary ball B(η, r) of dp,∞-radius r
can be estimated by: C−1rd ≤ µp(B(η, r)) ≤ Cr
d
Proof. We refer to [Coo93]. 
2.3. Geometry of flat surfaces. We introduce the geometry of closed flat surfaces
and refer to [Min92], [Str84].
Convention: Any closed surface is assumed to be of genus g ≥ 2.
A half-translation structure S on a closed topological surface X is a choice of charts
such that, away from a finite set of points Σ, the transition functions are half-
translations i.e. they are of the form z 7→ ±z + c. The pull-back of the flat metric
in each chart gives a metric on X−Σ. We require that the metric on S−Σ extends
to a singular cone Cat(0)-metric on S. Then S is a flat surface.
Proposition 2.3. In any homotopy class of arcs with fixed endpoints on a closed
flat surface there exists a unique local geodesic representative which is length-minimizing.
In any free homotopy class of closed curves there is a length-minimizing locally ge-
odesic representative which passes through singularities.
Proof. In both cases, the existence of a length minimizing representative follows
from a standard Arzela`-Ascoli argument.
The uniqueness of geodesic arcs follows from the absence of geodesic bigons in
Cat(0)-spaces.
Suppose α is a length minimizing closed curve that is disjoint from singularities.
The half-translation structure on S −Σ preserves direction. So, α does not change
direction and is therefore simple. It sweeps out an isometrically embedded flat cylin-
der. Choose this embedding to be maximal. The boundary contains singularities
and α can be homotoped to a boundary component without changing length. 
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Consider the isometric universal covering π : S˜ → S with Γ the group of deck
transformations. By the Sˇvarc- Milnor Lemma, any two Γ-invariant length metrics
are quasi-isometric and therefore S˜ is Gromov δ-hyperbolic.
To study geodesic rays in S˜, recall that µp, p ∈ S˜ is the Hausdorff measure on the
Gromov boundary ∂S˜. We need to estimate the size of shadows of metric balls.
Denote by Σ the set of singularities on S.
Proposition 2.4. There is some C(r) so that for each p ∈ S˜, the µp-measure
of a shadow shp(B(x, r)) of a ball of radius r > sup
x∈S
d(x,Σ) centered at x can be
estimated by:
C(r)−1 exp(−d(p, x)) ≤ µp(shp(B(x, r))) ≤ C(r) exp(−d(p, x))
Proof. By Proposition 2.2 and Theorem 2.2 there is some C1(r) > 0 so that
µp(shp(B(x, r)) ≤ C1(r) exp(−d(p, x)).
To show the lower bound observe that B(x, r) contains a singularity ς . By [Dan11a]
there is a constant C2 so that
C−12 exp(−(d(p, x) + r)) ≤ C
−1
2 exp(−d(p, ς)) ≤ µp(shp(ς))
Define C := max{C1(r), C2 exp(r)} 
Corollary 2.1. Fix a point p on the universal covering π : S˜ → S of a flat surface
S. Then the Hausdorff measure µp on ∂S˜ is doubling with respect to the Gromov
metric dp,∞. For fixed r > sup
x∈S
d(x,ΣS) the collection of shadows {shp(B(x, r)), x ∈
S˜, r > 0} forms a Vitali covering.
Proof. The fact that µp is doubling follows from Theorem 2.2. One concludes
from Proposition 2.2 and Proposition 2.4 that the set of shadows forms a Vitali
covering. 
Finally we reformalize a statement from [Dan11a] in a weaker form. On a flat
surface S of volume entropy one fix a geodesic segment c that starts and ends at
singularities. In the later context, c is a multiple of a closed geodesic that passes
through singularities. Fix a base point p on the universal covering π : S˜ → S.
Denote by A˜c the set of boundary points to which tends a geodesic ray emanating
from p which contains at most finitely many lifts of c as a subgeodesic segment.
Denote by A˜ the union of A˜c for all such geodesic segments c.
Proposition 2.5. A˜ is a zero set in with respect to the measure class µS˜
Proof. Since S contains only finitely many singularities there are only countably
many geodesic segments c on S that connect singularities. So it suffices to show,
that A˜c is a zero set for each such geodesic segment c. Moreover we can assume
that A˜c is the set of boundary points to which tends a lift of a ray which never
passes through c.
We first cite the main known results.
i) It was shown in [Dan11a, Proposition 4.7] that the set of boundary points
η so that [p, η] passes through only finitely many singularities is of measure
zero.
ii) By [Dan11b, Proposition 3.2] there are constants Cl, b > 0, so that each
geodesic segment from p to a singularity ς can be extended to a geodesic
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segment of length less than d(p, ς)+Cl which ends at a singularity ς
′, passes
through b singularities and contains a lift of c.
iii) It was shown in [Dan11a, Proposition 4.7] that there is a constant Cs > 0
that the µp measure of a shadow of a singularity ς equals exp(−d(p, ς)) up
to the multiplicative constant Cs.
For n ∈ N define Σn the set of all singularities ς so that [p, ς ] passes trough n
singularities but does not pass through a lift of c.
Define Φk : Σn+k → Σn , so that Φk(ς) is the n-th singularity in [p, ς ]. Also define
Ψ : Σn → Σn+b , so that Ψ(ς) is the endpoint of the extended geodesic segment as
in ii) that contains a lift of c.
By i) the shadow of Σn covers A˜c up to measure zero. For each singularity ςn ∈ Σn
one concludes, that the shadow of Φ−1b (ςn) form a subset of the shadow of ςn whose
complement contains the shadow of Ψ(ςn). By ii) the distance of ςn and Ψ(ςn) is
at most Cl. By using the estimate of iii) there is a constant λ < 1 so that
µp(shp(ςn))− µp(shp(Ψ(ς))) ≤ λµp(shp(ςn))
So the measure of the shadow of Σn+b is at most λ times the measure of the shadow
of Σn. Therefore letting n tend to infinity the measure of shp(Σn) tends to zero
and so A˜c is a zero set. 
3. Teichmu¨ller space of flat surfaces and the proof of the main
Theorem
[DLR10, Theorem 2] showed that the marked length spectrum uniquely deter-
mines a point in the Teichmu¨ller space of flat surfaces of area one. The following
slight generalization is word by word as the original proof.
Theorem 3.1. Two marked flat surfaces (S, f), (T, g) of finite area determine the
same point in Teichmu¨ller space of flat surfaces, if and only if the marked length
spectrum of (S, f) equals the marked length spectrum of (T, g).
Suppose that S, T are flat surfaces of volume entropy one and suppose that
f : S˜ → T˜ is a L-quasi-isometry between the universal coverings. Fix a base point
p ∈ S˜.
Proposition 3.1. Let f : S˜ → T˜ be an L-quasi-isometry so that µS˜,p is in the
measure class of f−1∗ µT˜ ,f(p). Then for almost all points η ∈ ∂S˜ there is a constant
C := C(η, h) > 0 that
|dS˜([p, η]S˜(s), [p, η]S˜(t))− dT˜ (f([p, η]S˜(s)), f([p, η]S˜(t))| ≤ C, ∀s, t.
Proof. Define the Radon Nikodym derivative h :=
d(f−1
∗
µT˜ ,f(p))
dµS˜,p
and denote by V
the Vitali set of shadows of balls on ∂S˜ with respect to the base point f(p). It will
be shown that each Lebesgue point η ∈ ∂S˜ for h,V with 0 < h(η) < ∞ has this
property. Choose some C1 := C1(η) that C
−1
1 < h(η) < C1. As f is an L-quasi-
isometry and and S˜, T˜ are δ-hyperbolic, one can choose r, rb > rs > 0 as in Lemma
2.2, so that
r > sup
x∈S
(d(x,Σ), rs > sup
x∈T
(d(x,Σ).
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We define first the shadows of balls which are centered on the rays.
US˜(t) := shp,S˜(B([p, η](t), r))
UT˜ ,s(t) := shp,S˜(B(f([p, η](t)), rs))
UT˜ ,b(t) := shp,T˜ (B(f([p, η](t)), rb))
Note that by construction they nested in the following sense.
UT˜ ,s(t) ⊂ f(US˜(t)) ⊂ UT˜ ,b(t)
Observe that the measure of UT˜ ,s(t) and the measure of UT˜ ,b(t) differ at most by a
multiplicative factor C2.
η is a Lebesgue point and the set of shadows forms a Vitali covering. If t is larger
than some threshold t0, the µS˜,p-measure of the shadow US˜(t) along the ray [p, η]
and the µT˜ ,f(p)-measure of its image differ at most by the factor C1 as the quotient
µT˜ ,f(p)(f(US(t)))
µS˜,p(US(t))
=
f−1∗ µT˜ ,f(p)(US(t))
µS˜,p(US(t))
=
∫
US˜(t)
hdµS˜,p
µS˜,p(US(t))
converges to h(η) when t tends to infinity.
So, observe that the µS˜,p-measure of US(t) and µT˜ ,p(UT,s(t)) differ at most by the
multiplicative factor C2C1 for all t > t0.
Suppose first that s = 0, t > t0 and define y := [p, η](t).
Recall that the µp,S˜ measure of shadows ball of fixed radius decrease exponentially
in their distance to the base point p up to a factor C3. Up to enlarging C3 the same
holds for shadows of balls in T˜ . So
C−13 exp(−dS˜(p, y)) ≤ µS˜,p(US(t)) ≤ C3 exp(−(dS˜(p, y))
C−13 exp(−dT˜ (f(p), f(y))) ≤ µT˜ ,p(UT˜ ,s(t)) ≤ C3 exp(−dT˜ (f(p), f(y)))
One concludes that the distances dT˜ (f(p), f(y)) and dS˜(p, y) differ at most by an
additive constant C4.
If we skip the restriction that t > t0 recall that f is an L-quasi-isometry. So, for
C5 := max{(1 + L)t0 + L,C4} and y := [p, η](t) one concludes
|dT˜ (f(p), f(y))− dS˜(p, y)| ≤ C5.
For 0 ≤ s ≤ t denote by x := [p, η](s), y := [p, η](t).
As f([p, y]S˜) is an L-quasi-geodesic, f(x) is in theH(L, δ)-neighborhood of [f(p), f(y)]T˜ .
So the length of the concatenated geodesics segments [f(p), f(x)] and [f(x), f(y)]
and the distance of f(p) and f(y) differ at most by 2H(L, δ). So d(f(x), f(y)) and
d(f(p), f(y))− d(f(p), f(x)) differ at most by the additive constant 2H(L, δ).
Additionally d(x, y) is precisely d(p, y)− d(p, x). As d(f(p), f(∗)) and d(p, ∗), ∗ =
x, y differ at most by an additive error C5 the claim is shown for C := 2(C5 +
H(δ, L)). 
Proposition 3.2. Suppose f : S → T is a homeomorphism between flat surfaces
of volume entropy one and define f : S˜ → T˜ the lift to the universal coverings.
If the measure classes f−1∗ µT and µS of the Hausdorff measures on ∂S˜, ∂T˜ are equal
then the length of each free homotopy class of closed curves α on S satisfies
lS(α) = lT (f(α)).
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Proof. Assume on the contrary that up to exchanging the roles of S and T
lS(α) < lT (f(α))− ǫ
for some ǫ > 0 and for some free homotopy class α. Fix a base point p on S˜. By
Proposition 2.5 there is a Lebesgue point η ∈ ∂S˜ as in Proposition 3.1 so that
the projection of [p, η]S˜ to S passes through all geodesic segments that connect
singularities. Define C as in Proposition 3.1 and fix some multiple αn of α so
that n ≥ C/ǫ. Denote by c a geodesic representative of the free homotopy class
of αn that passes through singularities. Fix a lift c˜ of c with singularities ς1, ς2 as
endpoints that is a subgeodesic segment of [p, η]S˜ . Observe that dS˜(ς1, ς2) = nlS(α).
On the other hand the projection of the geodesic segment [f(ς1), f(ς2)]T˜ is in the
free homotopy class of f(αn) so dT˜ (f(ς1), f(ς2)) is at least nlT (f(α)) > nlS(α)+C.
This contradicts the fact that dT˜ (f(ς1), f(ς2)) and dS˜(ς1, ς2) differ less than C. 
Proof of Theorem 1.1. Let (S, f), (T, g) ∈ T (X) be points in the Teichmu¨ller space
of flat surfaces so that the push forward of the measure class µS˜ under a lift of an
representative in g ◦ f−1 equals µT˜ . Scale S, T to volume entropy one. Then by
Proposition 3.2 the marked length spectra of (S, f), (T, g) are equal up to a positive
scalar. By Theorem 3.1 the scaled marked flat surface (S, f), (T, g) determine the
same point in T (X). 
References
[Abi80] William Abikoff. The real analytic theory of Teichmu¨ller space, volume 820 of Lecture
Notes in Mathematics. Springer, Berlin, 1980.
[BH99] Martin R. Bridson and Andre´ Haefliger.Metric spaces of non-positive curvature, volume
319 of Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of
Mathematical Sciences]. Springer-Verlag, Berlin, 1999.
[Coo93] Michel Coornaert. Mesures de Patterson-Sullivan sur le bord d’un espace hyperbolique
au sens de Gromov. Pacific J. Math., 159(2):241–270, 1993.
[CP93] Michel Coornaert and Athanase Papadopoulos. Symbolic dynamics and hyperbolic
groups, volume 1539 of Lecture Notes in Mathematics. Springer-Verlag, Berlin, 1993.
[Cro90] Christopher Croke. Rigidity for surfaces of non-positive curvature. Commentarii Math-
ematici Helvetici, 65:150–169, 1990. 10.1007/BF02566599.
[Dan11a] K. Dankwart. Typical geodesics on flat surfaces. Conformal Geometry and Dynamics,
15:188–209, 2011.
[Dan11b] Klaus Dankwart. Volume entropy and the Gromov boundary of flat surfaces. ArXiv
e-prints, January 2011.
[DLR10] Moon Duchin, Christopher Leininger, and Kasra Rafi. Length spectra and degeneration
of flat metrics. Inventiones Mathematicae, 182:231–277, 2010. 10.1007/s00222-010-0262-
y.
[Fed69] Herbert Federer. Geometric measure theory. Die Grundlehren der mathematischen Wis-
senschaften, Band 153. Springer-Verlag New York Inc., New York, 1969.
[Ham92] Ursula Hamensta¨dt. Time-preserving conjugacies of geodesic flows. Ergodic Theory Dy-
nam. Systems, 12(1):67–74, 1992.
[HM79] John Hubbard and Howard Masur. Quadratic differentials and foliations. Acta Math.,
142(3-4):221–274, 1979.
[Min92] Yair N. Minsky. Harmonic maps, length, and energy in Teichmu¨ller space. J. Differential
Geom., 35(1):151–217, 1992.
[Ota90] Jean-Pierre Otal. Le spectre marque´ des longueurs des surfaces a` courbure ne´gative.
Ann. of Math. (2), 131(1):151–162, 1990.
[Str84] Kurt Strebel. Quadratic differentials, volume 5 of Ergebnisse der Mathematik und ihrer
Grenzgebiete (3) [Results in Mathematics and Related Areas (3)]. Springer-Verlag,
Berlin, 1984.
RIGIDITY OF FLAT SURFACES UNDER THE BOUNDARY MEASURE 11
[Sul79] Dennis Sullivan. The density at infinity of a discrete group of hyperbolic motions. Inst.
Hautes E´tudes Sci. Publ. Math., (50):171–202, 1979.
[SW08] John Smillie and Barak Weiss. Veech’s dichotomy and the lattice property. Ergodic
Theory Dynam. Systems, 28(6):1959–1972, 2008.
[Tro86] Marc Troyanov. Les surfaces euclidiennes a` singularite´s coniques. Enseign. Math. (2),
32(1-2):79–94, 1986.
[Tro06] Marc Troyanov. Piecewise flat Metrics on Surfaces and the Moduli Space. InOberwolfach
Reports., volume 3, page 1602, 2006.
[Tro07] Marc Troyanov. On the moduli space of singular Euclidean surfaces. In Handbook of
Teichmu¨ller theory. Vol. I, volume 11 of IRMA Lect. Math. Theor. Phys., pages 507–
540. Eur. Math. Soc., Zu¨rich, 2007.
[Vee97] W. A. Veech. Delaunay partitions. Topology, 36(1):1–28, 1997.
Klaus Dankwart
Vorgebirgsstrasse 80,
53119 BONN, GERMANY
e-mail: kdankwart@googlemail.com
